The present work investigates the generalized extreme bounds of the coefficient of performance for the power law dissipative Carnot-like refrigerator under χ andΩ optimization criteria. It is found that the lower bound of coefficient of performance under the optimized χ criterion restrict the level of power law dissipation δ. Such a restriction not observed in theΩ criterion shows that theΩ optimization is more profound than the χ criterion for refrigerator working at different dissipation levels. The lower and upper bounds of the coefficient of performance for the low dissipation Carnotlike refrigerator are obtained with δ = 1. The theoretical predictions obtained from the present model match closely with the measured coefficient of performance of real refrigerators.
I. INTRODUCTION
Finite time thermodynamic optimization to improve the performance of heat engines and refrigerators are attracting interest recent years due to the fact of providing more realistic theoretical bounds [1] [2] [3] [4] [5] . Refrigerator, a thermodynamical system that allows the transfer of heat from the source at a lower temperature T c to the heat sink at a higher temperature T h . It is well known from the second law of thermodynamics that the heat cannot spontaneously flow from a region of lower temperature to a region of higher temperature [6] . Hence, work is required to achieve this heat transfer process. Refrigerator with a work input of W completes the cycle of transfer of Q c amount of heat absorbed by the gas from a low temperature source and Q h amount of heat rejected to a high temperature heat sink. The Co-efficient Of Performance (COP) of the refrigerator operating between the two reservoirs is defined as,
. This is bounded below the Carnot's co-efficient of performance,
which requires infinite time to complete a cycle. But in real scenario one can achieve maximum cooling rate at finite interval of time. By considering the irreversibilty of finite time heat transfer, Yvon [7] , Novikov [8] , Chambadal [9] and later Curzon and Ahlborn [10] extended the reversible Carnot cycle to an endoreversible Carnot cycle hence paving the growth of a new field called Finite time thermodynamics. These studies provided more realistic * ponphy@cutn.ac.in limits for real engine/refrigerator performances under the finite time conditions, which ignited the search for universalities in performance of heat engines/refrigerators. Different model systems were reported earlier to optimize the performance and to find the universal bounds to the efficiency and coefficient of performance of heat engines [11, 12] and refrigerators [13] [14] [15] [16] , respectively. In particular, low-dissipation Carnot-like engines was investigated by Esposito et al. [11] . Under the assumption that the irreversible entropy production in each isothermal process is inversely proportional to the time required for completing that process, they obtained the minimum and maximum bounds on the efficiency of the low dissipation engine. Where as per-unit time efficiency was proposed as a criterion to obtain bounds on the efficiency of heat engines by Ma [17] . This per-unit time efficiency provided the compromise between the efficiency and speed of the thermodynamic cycle. However, A.C. Hernandez et.al., proved that, at maximum per-unit-time efficiency, the endoreversible heat engine's efficiency is bounded between η c /2 and 1 − √ 1 − η C [18] , where η C is the Carnot engine efficiency. Many phenomenological models of finite time heat engine were proposed to study the universal bounds on the efficiency at maximum power [19] . Few studies were also reported on Carnot like heat engine with non-adiabatic dissipation in finite time adiabatic processes, and showed that the additionally incorporated non-adiabatic dissipative term does not influence the extreme bounds on the efficiency at maximum power [20, 21] . Apart from these, Cavina et.al., reported a microscopic model of quantum heat engine and obtained the universal nature of lower and upper bounds on the efficiency at maximum power of Carnot like heat engines with power law like dissipation [22] . Recently, one of the present author studied the efficiency at maximum power of Carnot-like heat engines operate in a finite time under the power law dissipation regime and also showed that the generalized extreme bounds on the efficiency at maximum power does not influenced by the additionally incorporated non-adiabatic dissipative term [23, 24] . It is also very clear from literature that, in the heat engine models, the power output and the per-unit-time efficiency are commonly used criterion of optimization though many other optimizations criteria [25] are used for better performance of heat engine.
Whereas in the case of refrigerators finding a suitable optimization criterion to determine its corresponding coefficient of performance is very difficult [1, 18] . However, numerous optimization criteria were also proposed to determine the refrigerator's co-efficient of performance [16] . For instance, by using per-unit-time co-efficient of performance as target function, Velasco et al., found the upper bound of the endoreversible refrigerators operating at the maximum per-unit-time co-efficient of performance to be CA = √ 1 + C − 1 [13] . Yan and Y. Wang used χ = Q c /τ , as target function to optimize the performance of refrigerators and found the bounds of coefficient of performance at maximum χ. They reported that the χ figure of merit is the most appropriate criterion for the optimization of performance of refrigerators [14] . On the other hand, de Tomas et al., obtained the bounds on the co-efficient of performance under the symmetric low-dissipation condition using the optimization criterioṅ Ω = (2 − max )W/τ . Here τ is the total time taken to complete the cyclic process and max is the maximum co-efficient of performance [15] . In most of the previous studies involving finite time thermodynamics of refrigerator, the non-adiabatic dissipation was not taken into account. Recently Y. Hu et.al., considered a Carnot like refrigerator with the non-adiabatic dissipation (the dissipation due to the effects of inner friction during the finite time adiabatic process) and analyzed the co-efficient of performance optimized with the χ andΩ Criteria in a generalized setting with low dissipation assumption as a special case [26] . Though there are studies on refrigerators considering low-dissipation and non-adiabatic dissipation, there are seldom reports on the performance of refrigerator under the power law dissipative regime.
It is to be noted that the heat engine model incorporating power law dissipation provides the generalized universal nature of extreme bounds on the efficiency at maximum power [23, 24] . Another notable thing is that the generalized universal minimum and maximum bounds on the efficiency at the maximum power obtained in the power law dissipative Carnot-like heat engines are unaffected by the non-adiabatic dissipation [20, 21, 24] . It is therefore very significant to consider a more generalized power law dissipative Carnot like refrigerator involving the non-adiabatic dissipation. Hence, in the present paper, a power law dissipative Carnot like refrigerator cycle of two irreversible isothermal and two irreversible adiabatic processes with finite time non-adiabatic dissipation is considered and the co-efficient of performance under two optimization criteria χ andΩ is studied. The generalized etreme bounds of the optimized co-efficient of performance under the above said optimization criteria are obtained. To the best of our knowledge, this is the first attempt to consider Carnot-like refrigerator oper-ate in finite time under the power law dissipation regime and optimize its co-efficient of performance to obtain the generalized extreme bounds. This paper is organized as follows: In section II, the model of power law dissipative Carnot like refrigerator is explained. In section III and IV, the optimization of coefficient of performance at maximum "χ" figure of merit and at maximum "Ω" figure of merit are derived and its extreme bounds are discussed. The paper concludes with the conclusion in section V.
II. POWER LAW DISSIPATIVE CARNOT-LIKE REFRIGERATOR
A power law dissipative Carnot-like refrigerator is considered and it follows a cycle composed of two isotherms of finite time duration and two finite time adiabats with non-adiabatic dissipation [26] . During the isothermal expansion, the working substance is in contact with a cold reservoir at a constant temperature T c , while during the isothermal compression, the working substance is in contact with hot heat reservoirs at constant temperature T h . Let t c and t h denotes the finite time duration of the isothermal expansion and compression respectively. It is well known that in the ideal case, any adiabatic process is isentropic. Whereas in the present model the nonadiabatic dissipation is considered and hence the adiabatic process is nonisentropic. The non-adiabatic dissipation develops additional heat which produces additional irreversible entropy production during the adiabatic process [26] . Let t a and t b denotes the finite time duration of the adiabatic expansion and compression respectively. The details about all the four processes involved in the present model are discussed below:
• Isothermal expansion: During this process, the working substance is in contact with the cold reservoir at a lower temperature T c for a time interval t c . In this process there is an exchange of Q c amount of heat between the working substance and the cold reservoir and the variation of entropy is given as [26] ,
where ∆S ir c is the irreversible entropy production.
• Adiabatic Expansion: Due to the non-adiabatic dissipation, there is an increase in entropy during this adiabatic expansion process. The irreversible entropy production during the time interval t c < t < t c + t a is denoted by,
where S b and S c denotes the entropy at the instant t b and t c , respectively.
• Isothermal Compression: Now the the working substance is in contact with the high temperature (T h ) hot reservoir for the time period t c + t a < t < t c + t a + t h with the exchange of Q h amount of heat between the working substance and the hot reservoir. The variation of entropy is given as,
where ∆S ir h being the irreversible entropy production.
• Adiabatic Compression: In the process of adiabatic compression during the time interval t c + t a + t h < t < t c +t a +t h +t b , the working substance is removed from the hot reservoir and now the entropy production due to non-adiabatic dissipation is given by,
where S a and S d denotes the entropy at the instant t a and t d , respectively. At the instance of completing the single cycle, the system recovers to its initial state and the total change in entropy of the system is zero, ie., ∆S + ∆S ir a + ∆S ir b + ∆S h = 0 [26] . Therefore,
From Eq. (3) and (5), the irreversible entropy production associated with the isothermal processes can be written in a generalized power law dissipative form as [23] ,
with i : c, h and σ i = λ i Σ i in which α i and λ i are the tuning parameters and Σ i are the isothermal dissipation coefficients. The presence of δ ≥ 0 in the above expression signifies the level of dissipation present in the system. δ = 1 denotes that the system is in normal or lowdissipation regime, and 0 < δ < 1 and δ > 1 indicates that the system is in sub dissipation regime and super dissipation regime respectively [27] . Similar power law dissipation is also obeyed during the adiabatic process with non-adiabatic dissipation and the entropy productions associated with the adiabatic expansion and compression can be written as [24] ,
with j : a, b and σ j = λ j Σ j in which α j and λ j are the tuning parameters related to adiabatic process and Σ j are the adiabatic dissipation coefficients. Considering Eqs. (3), (4), (5), (6) and (7), the amount of heat exchanged Q c and Q h can be obtained as follows [24, 26] :
Using Eqs. (10) and (11), the following relation can be found:
The work input to the refrigerator to complete the cycle of transfer of Q c amount of heat absorbed by the working substance from a low temperature source and Q h amount of heat rejected to a high temperature heat sink in the total time period t = t c + t a + t b + t h is given by,
Using Eqs. (10) and (11), the expression for work done can be written as, 
In the present work, χ figure of merit and theΩ figure of merit are optimized for analyzing the performance of refrigerator with (isothermal and non-adiabatic) power law dissipation.
III. CO-EFFICIENT OF PERFORMANCE AT MAXIMUM "χ" FIGURE OF MERIT
The χ figure of merit is defined as the product of coefficient of performance of a refrigerator times the heat exchanged between the working substance and the cold reservoir Q c , per the total time duration to complete a cycle t, χ = Q c /t. The "χ" figure of merit can be obtained by substituting equation (10) and (15) in χ = Q c /t as, (16) where t = t c + t a + t b + t h . Optimizing the "χ" figure of merit with respect to time t i (i : c, h, a, b) gives the values of t i (i : c, h, a, b) at which "χ" is maximum. The values for t i (i : c, h, a, b) by considering ∂χ ∂ti = 0 are given below:
where Φ j = T h αj σ 
The ratios of tc ti (i : a, b, h) can also be obtained from the optimized "χ" and are given below:
Similarly the ratios for t j /t i with i, j = a, b, h are also given by,
From Eq. (14), 
where χ is the the co-efficient of performance at maximum χ. Using Eqs. (17) - (20) and ratios of t i 's, the co-efficient of performance at maximum χ figure of merit can be obtained as follows:
where Υ = (11) and (12), the simplified expression for Co-efficient of performance at maximum χ figure of merit can be obtained as,
The above equation can be rewritten as
Neglecting the adiabatic dissipation co-efficients, σ a = 0 and σ b = 0, the co-efficient of performance as derived in equation (29) with δ = 1 reduces to the one derived for Carnot-like refrigerators without adiabatic dissipation by Y Wang et.al., [1] .
It can be observed from the Eq. (28), the value of coefficient of performance at the maximum χ figure of merit depends on the ratio between values of σ i s and σ c . The generalized extreme bounds of the co-efficient of performance at maximum "χ" figure of merit are obtained from Eq.(28) as
where, ζ = C (1 − δ) − (δ + 2). These extreme lower and upper bounds of the co-efficient of performance at maximum "χ" figure of merit are achieved when σ c → 0 and σ c → ∞, respectively. When δ = 1, the lower bound becomes 0 for σ c → 0 and the upper bound becomes ( √ 9 + 8 C − 3)/2 for σ c → ∞, which is the bound of the co-efficient of performance at the maximum χ figure of merit obtained for low dissipation case [26] . Thus, a more generalized upper and lower bounds on the co-efficient of performance can be obtained under the combined adiabatic and isothermal power law dissipation in the asymmetric limits. It is very clear from the results that the lower bound of (positive) co-efficient of performance under the optimized χ criterion (which is also present in the upper bound) restrict the level of power law dissipation δ ≤ 1. The comparison between theoretical values and experimental results (points) [28] are given in the Figure 1 . From the figure it is clear that the minimum bound on the co-efficient of performance at maximum χ figure of merit capture the experimentally measured coefficient of performance of various refrigerators for the value of δ in the range δ = 0.25 to δ = 0.50.
IV. CO-EFFICIENT OF PERFORMANCE AT MAXIMUM "Ω" FIGURE OF MERIT
This section discusses the optimization ofΩ figure of merit and its significance in detail. TheΩ figure of merit is defined as the product of difference between twice the co-efficient of performance of a refrigerator and maximum co-efficient of performance of a refrigerator max and the work required by the system W , divided by the total time duration required to complete a single cycle t,Ω = (2 − max )W/t. TheΩ can be expressed using Eq. (14) and Eq.(25) with max = C as,
Similar to χ figure of merit, the Optimizing the "Ω" figure of merit with respect to the time t i (i : c, h, a, b) gives the values of t i (i : c, h, a, b) at which "Ω" is maximum. The values for t i (i : c, h, a, b) by considering ∂Ω ∂ti = 0 are given below: 
(36)
The ratios of tc ti (i : a, b, h) can also be obtained from the optimized "Ω" and are given below:
Substituting Eq. (37) in Eq. (27), the co-efficient of performance at maximumΩ figure of merit can be obtained as follows:
where, in the above equation, β 1 = (1+ 1 δ )( C +2)(1+β 2 ) in which,
It can also be observed from the Eq. (39), the value of co-efficient of performance at the maximumΩ figure of merit depends on the ratio between values of σ i s and σ c . The extreme bounds of the co-efficient of performance at the maximumΩ figure of merit is obtained when σ c → 0 and σ c → ∞. That is, when σ c → 0, β 2 → ∞ for which Ω = δ+1 2δ+1 C and when σ c → ∞, β 2 → 0 for which Ω = (δ+2)+(δ+1) C 2(δ+1)+(2δ+1) C C . This shows that co-efficient of performance at the maximumΩ figure of merit lies between these two extreme bounds, which is given by,
(41) The generalized lower and upper bounds are obtained for the asymmetric dissipation limits of σ c → 0 and σ c → ∞, respectively, for any finite values of σ i , (i : a, b, h). When δ = 1, the values of optimized co-efficient of performance at the maximumΩ figure of merit of low dissipation regime is obtained, which is − Ω = 2 3 C and + Ω = 3+2 C 4+3 C C , the lower and upper bound respectively [26] . Thus, the generalized universal nature of lower and upper bounds on the co-efficient of performance at maximumΩ figure of merit (Eq. (41)) under the combinations of isothermal and adiabatic asymmetric dissipation limits is obtained. Unlike the χ criterion, there is no restriction on the dissipation level δ for bounds of co-efficient of performance under the optimizedΩ criterion. Hence this makes theΩ criterion more profound than the χ criterion for refrigerator working at different dissipation levels. The comparison between theoretical values and experimental results (points) are given in the Figure 2 . From the figure it is clear that the extreme bounds on the co-efficient of performance at maximumΩ figure of merit capture the experimentally measured co-efficient of performance of various refrigerators [28] with δ = 1.4.
V. CONCLUSION
In this paper, the generalized extreme bounds of the coefficient of performance for the power law dissipative Carnot-like refrigerator under χ andΩ optimization criteria was investigated. When δ = 1, the bounds of the co-efficient of performance with the χ andΩ figure of merit in the asymmetric dissipation converges to the same bounds as the corresponding ones obtained from previous low dissipation model. The generalized extreme bounds on the co-efficient of performance at maximum χ andΩ figure of merit capture the experimentally measured co-efficient of performance of various refrigerators. However, it was found that the lower bound of (positive) co-efficient of performance under the optimized χ criterion restrict the level of power law dissipation δ ≤ 1. Such a restriction was not observed in theΩ criterion. Hence it showed that theΩ optimization is more profound than the χ criterion for refrigerator working at different dissipation levels.
